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Cost-Effective Multipoint Design of a Blended
High-Speed Civil Transport

Natasha E. Sevant,¤ Malcolm I. G. Bloor,† and Michael J. Wilson‡
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The multipoint design of a high-speed civil transport (HSCT) is considered. Low computational costs are main-
tained by parameterizing the HSCT using a novel method of surface generation known as the partial differential
equation method. This method enables a reduction in the computational costs because of its ability to describe
complex surfaces using a small number of parameters. The two design points that are considered are the sub-
sonic and supersonic (Mach 2) � ight regimes with design criteria of maximized lift and minimized wave drag,
respectively. Subsonic lift is estimated using Panel Method Ames Research Center, whereas supersonic wave drag
is estimated using the Harris wave-drag code (which is based upon linearized potential � ow theory and the su-
personic area rule). An ef� cient quasi-Newton method of optimization is used to optimize a weighted combination
of subsonic lift and supersonic wave drag subject to the constraints of a � xed wing plan area and � xed fuselage
and wing volumes. A variety of test problems are considered in which the weightings of the two design criteria are
varied.

Nomenclature
a, a f j , aw j = smoothing parameters
CDw

= coef� cient of wave drag
CL , Cl = total and section coef� cients of lift
c = reference length
ci = aerofoil chord lengths
Dw = wave drag
dSH , dSW = surface elements on high-speed civil

transport (HSCT) and wake
f .X/ = multipoint objective function
K P = parameter depending on position of P

relative to SH

L , L 0 = total lift and lift per unit span
l = length of body
n = order of Fourier mode
n = unit normal vector
n f = vector normal to fuselage
P = point
p1 , p2 = weighting coef� cients
q1 = freestream dynamic pressure
r = distance between P and either dSH or dSW

ri = radii of fuselage cross sections
S = wing plan area, cross-sectionalarea, or

reference area
SH , SW = surfaces of the HSCT and the wake
s fi , s fi j , s fxi

, s fri
= derivative boundary condition parameters

of fuselage
sw0 , swi j , swxi0 , = derivative boundary condition parameters

of wingswxi1 , swyi

t1i , t2i , t3i = aerofoil thickness and camber parameters
u, v = parametric surface coordinates
x = Cartesian coordinates, (x; y; z)
x , x1 = axial locations along body
x f , x fu = positional and derivative boundary conditions

of fuselage
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x fi , z fi = axial and vertical positions of fuselage
boundary conditions

xi , zi = x and z coordinates of template aerofoil
xw , xwu = positional and derivative boundary conditions

of wing
xwi = axial, spanwise, and vertical positions of

wing boundary conditions, .xwi ; ywi ; zwi /
x0, xc

n , xs
n = functions of parametric coordinate u

®i = angle of incidence of wing boundary
conditions

µ = roll angle
¹ = HSCT doublet strength distribution
¹P = doublet strength at point P
¹W = wake doublet strength distribution
½ = density
¾ = HSCT source strength distribution
8 = velocity potential
8P = velocity potential at point P
Á1 = onset velocity potential
Á1P = onset velocity potential at point P
Ä = two-dimensionalparameter domain
@Ä = boundary of parameter domain Ä

Introduction

OWING to recent predictions of a major increase in the world
aviation market and, also, the desire for speed, there is a re-

newed interest in the design of high-speedcivil transport (HSCT).1

The present-day investigations are addressing many of the chal-
lengingenvironmentaland economic issues that are associatedwith
HSCT. In particular, the environmental problems associated with
sonic boom restrict HSCT to subsonic speeds over populous land.
The aerodynamicdesign of an HSCT needs to be considered,there-
fore, at both subsonic and supersonic speeds.

There are three approaches to aerodynamic design using com-
putational � uid dynamics (CFD). The � rst is the traditional trial-
and-error approach, where the CFD analysis code is used together
with a designer’s knowledge and experience in the search for bet-
ter aircraft. The second approach is inverse design, which involves
solving for a geometry that satis� es a prescribed distribution (usu-
ally either pressureor velocity). Finally, the third approach is direct
numerical optimization, which involves coupling an aerodynamic
analysis method with a scheme for numerical minimization, where
the aim is the direct attainment of certain aerodynamic goals such
as maximum lift and/or minimum drag.
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The latter of these approaches, direct numerical optimization,
has many advantages. It is more automatic and less in� uenced by
designer intuition than the trial-and-error approach. It is easier to
implement than the inverse design approach, and, because only so-
lutions of the aerodynamicanalysis are required, it can, in principle,
use any existing CFD code. Also, whereas nothing guarantees the
best solution in either the trial-and-error or the inverse design ap-
proaches, direct numerical optimization seeks optimal aircraft de-
signs.

A furtheradvantageof direct numericaloptimizationover inverse
methods is that several design points can be considered simulta-
neously. The design point of many aircraft is the combination of
the altitude and the speed (i.e., Mach number) at which the air-
craft spends a considerableproportion of its � ying time.2 Although
other considerations,such as takeoff and landing distances, cannot
be omitted, the design of many such aircraft is often concentrated
at this point. Certain aircraft, however, have two or more, perhaps
con� icting, design points, for example, the subsonicand supersonic
� ight regimes of an HSCT. Multiple point (or multipoint) design
enables a designer to � nd a compromise between several such con-
� icting requirements.3

Despite theseadvantages,directnumericaloptimizationhasa ma-
jor drawback. This is its computational expense, which arises from
the numerous calls that must be made to the aerodynamic analysis
methods. Naturally, the number of these calls increases with the
number of parameters that are used to describe the aircraft’s geom-
etry. In fact, Labrujère and Slooff4 remark that “In 3-D wing design
especially, the number of design variables is so large that practical
application of the concept seems to be remote.” The simplest ex-
pedient, of course, is to reduce the number of design variables that
are permitted to vary in the optimization process. However, if this
reduction in the number of design variables results in a restricted
range of aircraft shapes, the advantages of numerical optimization
will be compromised.

This paper addresses the problem of computational expense by
using a novel approach to geometry parameterization, known as
the partial differential equation (PDE) method. This method is able
to parameterize complex geometries both ef� ciently and without
severely limiting the range of available shapes. It therefore both in-
creases the feasibilityand enhances the potentialof direct numerical
optimization of aircraft geometries.

In the following sections, the PDE method is described and then
applied to the generation of an HSCT. Also described are the aero-
dynamicanalysismethodsand the methodsof optimizationand con-
straint satisfaction.The multipointdesignof an HSCT with fuselage
volume and wing plan area and volume constraints is then consid-
ered. The composite design criterion incorporatesboth subsonic lift
andsupersonicwavedrag.Weightedcoef� cients are used to alter the
balance between these two design criteria in order to optimize air-
craft for various types of design missions. For instance, because an
HSCT will typically perform the majority of its range at supersonic
speeds, more emphasis should be placed upon the minimization
of supersonic wave drag. (On the other hand, interceptor aircraft
may perform most of their range at subsonic speeds with occasional
spurts at supersonic speeds.)

Without the incorporationof all factors affectingthe performance
and, indeed, the construction of an aircraft, the design of a com-
pletely plausible con� guration is unlikely. It is therefore necessary
to clarify the purposes of this paper as demonstrating both the ef-
� ciency and the capabilities of the PDE method, rather than as the
design of completely realistic HSCT.

PDE Method
The PDE method is an innovative method of surface generation,

which was devised by Bloor and Wilson.5 It was applied, origi-
nally, to the generation of blending surfaces and, subsequently, to
the generation of free-form surfaces.6 The versatility of the PDE
method has been demonstrated by producing various surfaces of
practical signi� cance, such as generic aircraft geometries7;8 and
marine propellers.9 The PDE method has also been implemented
in the functional design of, for example, a yacht hull, a swirl port,
and a subsonic wing-body combination.10

In the PDE method a surface is regarded as the solution of a
boundary-valueproblemin which a parametric functionx.u; v/, de-
� ned over a domainÄ in two-dimensional.u; v/ parameterspace, is
sought that satis� es speci� ed boundary conditions around the edge
@Ä of that domain. The Euclidean coordinates of points on the sur-
face are given by the function x.u; v/ D [x.u; v/; y.u; v/; z.u; v/]
while the parametriccoordinatesu and v de� ne a curvilinearcoordi-
nate system on the surface.To obtain the functionx, it is assumed to
satisfy a suitably chosen elliptic PDE, which is then solved subject
to the speci� ed boundaryconditions.Typically,theseboundarycon-
ditions will be in the form of x and a number of its derivatives.The
number and order of the speci� ed derivativesare determined by the
required degree of continuitybetween the surface and any adjacent
patches and/or the required control of the shape of the surface.

Much of the previous work has been based upon the following
fourth-order elliptic PDE:

@2

@u2
C a2 @2

@v2

2

x D 0 (1)

where a is known as the smoothing parameter and the boundary
conditions usually specify the variance of x and its normal deriva-
tive @x=@n along @Ä. The boundary conditions on x specify both
the shape and the position or, more speci� cally, the parameteriza-
tion of the boundariesof the surface in physical space, whereas the
boundaryconditionson the normal derivativeof x control the direc-
tion and speed of departure of the surface from its boundaries.The
smoothing parameter a controls the relative scaling between the u
and v parametric directions and thus provides an additional dimen-
sion to the control of the surface’s shape. Equation (1) represents a
smoothing process between the conditions on the boundariesof the
surface patch where, in some sense, the value of the function at any
point on the surface is a weightedaverageof the surroundingvalues.

Many surfaces can be represented by a looped surface patch
bounded by two closed curves or can be constructed from a col-
lection of such patches. For surfaces such as these, it is convenient
to take the coordinate domain Ä to be a rectangle where one of the
surface coordinates, e.g., u, varies as the surface sweeps from one
boundary curve to the other, while the other surface coordinate v
varies around the patch. Choosing the v interval to be [0; 2¼ ] yields
a parametric function x.u; v/ with a period of 2¼ in v, which can
thus be expressed in terms of a Fourier series expansion,as follows:

x.u; v/ D x0.u/ C
1

n D 1

xc
n.u/ cos nv C

1

n D 1

xs
n.u/ sin nv (2)

where the components of the vectors x0 , xc
n , and xs

n are functions
of u. Substituting this Fourier series expansion into Eq. (1) yields
a series of uncoupled and identical linear homogeneous ordinary
differentialequations (ODE) for the functions x0, xc

n.u/; and xs
n.u/;

each of which have a solution that is dependent upon the relevant
Fourier mode of the boundary conditions. If a particular Fourier
mode is absent from all of the boundary conditions imposed on x,
the solution of the ODE corresponding to that mode will be zero.
Therefore, when the boundary conditions are either given or can be
expressedas � nite Fourier series, the series solutiongivenby Eq. (2)
is also � nite and contains only those Fourier modes that are present
in the boundary conditions.

In the case of more generalboundaryconditions,which cannotbe
expressed as � nite Fourier series, Bloor and Wilson have developed
a rapid approximate method of solution.11 This method involves
approximating the boundary conditions using � nite Fourier series
[n ¸ 5 in Eq. (2), say] and then adding a remainder term, which ac-
counts for the discrepancybetween the originaland the approximate
boundary conditions.

HSCT Geometry
The HSCT considered in this paper is composed of a fuselage, a

fuselage-wing fairing (or blend), an inner wing and an outer wing,
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Fig. 1 HSCT design parameters.

as illustrated in Fig. 1. All of these four components are generated
using the PDE method.

The fuselageis dividedinto three PDE surfacepatches that de� ne
forward, middle, and rearward components. PDE boundary condi-
tions are thus requiredat the fuselage’s nose (u D 0), at two interme-
diate stations(u D 1 and u D 2), and the base (u D 3). The fuselage’s
nose and base are assumed to be smooth and rounded, whereas the
crosssectionsat the intermediatesectionsare assumedto be circular.

The general form of the positional and derivative boundary con-
ditions at the nose and base of the fuselage are taken to be

x f .i; v/ D x fi ; 0; z fi ; x fu .i; v/ D s fi .0; cos v; sin v/ (3)

whereas those at the intermediate stations are taken to be

x f .i; v/ D x fi ; ri cos v; z fi C ri sin v
(4)

x fu .i; v/ D s fxi
; s fri

cos v; s fri
sin v

where v varies in the range 0 · v · 2¼ and i D 0, 1, 2, and 3 at the
nose, the intermediate stations and the base, respectively. The pa-
rameters x fi and z fi de� ne the axial and vertical positionsof each of
these boundaryconditions(x f0 and z f0 are taken to be zero such that
the nose lies at the origin of the Cartesian coordinate system). At
the intermediatestations the parametersri de� ne the radii of the cir-
cular cross sections (see Fig. 1). The direction and magnitudeof the
derivative boundary conditions at the fuselage’s nose and base are
controlled by the parameters s fi , whereas those at the intermediate
stations are controlledby the parameters s fxi

and s fri
. When solving

for the forward, middle, and rearward components, the derivative
boundary conditions at the intermediate stations are multiplied by
scaling factors s fi j , which act upon the i th boundary condition of
the j th fuselage component, and the smoothing parameter of each
component is de� ned to be a f j ( j D 1, 2, and 3 corresponding to
the forward, middle, and rearward components, respectively).

The entirewing is also generatedfrom threePDE surfacepatches,
which form the fuselage-wing fairing, the inner wing, and the
outer wing. Each of these PDE surface patches are bounded by
aerofoil-type closed curves; the � rst aerofoil curve (u D 0) lies on
the surfaceof the fuselage,whereasthe second(u D 1), third(u D 2),
and fourth (u D 3) form the root, crank, and tip aerofoil sections of
the wing. A simple templatecamberedaerofoil,of unit chord length,
is given by the following Fourier series expansion:

xi .v/ D 1
2 cosv; zi .v/ D t1i sin v C t2i sin 2vC 1

2
t3i .1¡cos 2v/

(5)

where v varies in the range 0 · v · 2¼ and the Fourier coef� cients
t1i and t2i de� ne the thickness distribution of the aerofoil while t3i

controls the camber.

The aerofoil boundary curve upon the surface of the fuselage is
given by

xw.0; v/ D
xw0 C c0.x1 cos ®0 C z1 sin ®0/

y f .u f ; v f /

zw0 C c0.z1 cos ®0 ¡ x1 sin ®0/

(6)

where xw0 and zw0 are theaxialandverticalpositionsof themidchord
point of the aerofoil and the parameters c0 and ®0 are the chord
length and angle of incidence of the aerofoil. The y coordinates of
this boundary condition are obtained by solving numerically for the
values u f and v f of u and v on the surface of the fuselage x f that
satisfy the x and z coordinatesof Eq. (6). A localizedannular region
on the surface of the fuselage,bounded by Eq. (6) and an enclosing
rectangularbox speci� ed in .u; v/ space, is then reparameterizedin
order to accommodate the aerofoil hole.

The derivative boundary conditions at u D 0 are such that the
fairing is tangent plane continuous with the fuselage. These are
de� ned as

xwu .0; v/ D sw0 Oxwu .0; v/ sin v (7)

where

Oxwu .0; v/ D n f .u f ; v f / £ xwv .0; v/

n f .u f ; v f / £ xwv .0; v/
(8)

and n f .u f ; v f / is the normal to the fuselage and xwv
.0; v/ is the

derivativeof the boundary curve given by Eq. (6) with respect to v.
The scaling term sw0 sin v, in Eq. (7), varies the magnitude of the
derivativeboundary condition around the aerofoil section such that
it is reduced as the aerofoil tapers toward its trailing edge.

The general positional boundary conditions at the wing root
(i D 1), crank (i D 2), and tip (i D 3) are taken to be

xw.i; v/ D xwi C ci

x1 cos ®i C z1 sin ®i

0

z1 cos ®i ¡ x1 sin ®i

(9)

where xwi D .xwi ; ywi ; zwi / are the axial, spanwise (see Fig. 1), and
vertical positions of the midchord points of the root, crank, and tip
aerofoils, and the parameters ci and ®i de� ne the chord lengths and
the angles of incidence of these aerofoil sections.
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Table 1 Parameter values
of the baseline HSCT

Fuselage parameters
x f0 D 0.0 z f0 D 0.0
x f1 D 20.0 z f1 D 0.0
x f2 D 85.0 z f2 D 0.0
x f3 D 100.0 z f3 D 0.0
r1 D 2.7 r2 D 2.6
s f0 D 1.0 s f22 D 1.0
s f11 D 1.0 s f23 D 0.3
s f12 D 1.0 s f3 D 1.0
s fx1

D 40.0 s fx2
D 30.0

s fr0
D 2.0 s fr1

D 1.0
s fr2

D ¡1.0 s fr3
D ¡2.0

a f1 D 2.0 a f2 D 3.5
a f3 D 1.0

Fairing and wing parameters
xw0 D 53.5 xw1 D 55.0
xw2 D 69.0 xw3 D 80.0

yw1 D 3.0
yw2 D 15.0 yw3 D 25.0
zw0 D ¡0.2 zw1 D ¡0.2
zw2 D ¡0.2 zw3 D ¡0.2
c0 D 50.0 c1 D 43.0
c2 D 15.0 c3 D 3.0
t10 D 0.025 t11 D 0.02
t12 D 0.02 t13 D 0.02
t20 D ¡0.003 t21 D ¡0.004
t22 D ¡0.004 t23 D ¡0.004
t30 D 0.002 t31 D 0.003
t32 D 0.003 t33 D 0.0
®0 D 1.0 ®1 D 1.0
®2 D 1.0 ®3 D 0.0
sw0 D 1.0
sw10 D 1.0 sw11 D 1.0
sw21 D 1.0 sw22 D 1.0
swx10 D 0.0 swx11 D 2.0
swx20 D 5.0 swx21 D 4.0
swx30 D 1.0 swx31 0.0
swy1 D 1.0 aw1 D 1.0
swy2 D 5.0 aw2 D 1.0
swy3 D 1.0 aw3 D 1.0

Finally, the general derivative boundary conditions at the wing
root, crank, and tip are de� ned to be

xwu .i; v/ D
swxi0 ¡ swxi1 cos v

swyi

0

(10)

where the direction of the localized wing sweep at these sections is
controlledby the parameters swxi0 , swxi1 , and swyi . When solving for
the fairing and the inner and outer wings, the derivative boundary
conditions at the wing root and crank are multiplied by scaling
factors swi j , which act upon the i th derivative boundary condition
of the j th wing component and the smoothing parameter of each
component is de� ned to be aw j ( j D 1; 2; 3 corresponding to the
fairing and the inner and outer wings, respectively).

The boundaryconditionsof the threefuselagesurfacepatchesand
the inner and outer wings are such that the PDE given by Eq. (1) can
be solved using the exact Fourier series solution, as described in the
preceding section, whereas the fuselage-wing fairing is solved for
using the approximate method described in Ref. 11.

A baseline HSCT is illustrated in Fig. 2, and the corresponding
parameter values are given in Table 1.

Aerodynamic Analyses
Subsonic Lift

A low-order potential � ow panel method, known as PMARC,12

is used to estimate the lift of the HSCT. Panel methods are based on
the assumption that, for high Reynolds number and attached � ow
conditions, the regions of the � ow� eld dominated by viscous and
rotational effects are con� ned to thin boundary layers and wakes.

Fig. 2 Baseline HSCT design.

The remainderof the � ow� eld is assumed to be inviscid,irrotational,
and also incompressible.Thus, a velocitypotential8 can bede� ned,
and the incompressible continuity equation reduces to Laplace’s
equation: r28 D 0.

The solutionof Laplace’s equationyields an integral equation for
the velocity potential 8P at any point P expressed in terms of an
unknowndistributionof sources¾ and doublets¹ across the surface
of the HSCT SH and an unknowndistributionof doublets¹W across
the surface of its wake SW :

8P D 1
4¼ SH ¡P

¹ n ¢ r 1
r

d SH C 1
4¼ SH

¾

r
dSH

C 1

4¼ SW

¹W n ¢ r 1
r

d SW C 1

4¼
K P ¹P C Á1 P

(11)

where r is the distance from the surface elements d SH and d SW to
the point P , n is the unit normal vector that points into the � ow� eld
of interest, ¹P is the doublet value at the point P , Á1P is the onset
velocity potential at the point P the subscript SH ¡ P signi� es that
the point P is excluded from the � rst surface integral, and the value
of the parameter K P depends on where P lies with respect to the
surface of the HSCT.12

Equation (11) must satisfy the Neumann boundary condition,
which states that the velocity component normal to the surface of
the HSCT SH is zero. Also, because potential � ow is irrotational,
a physically-basedcondition must be introduced to � x the amount
of circulationand, equivalently, the amount of lift generated by the
HSCT’s wing. In PMARC the amount of lift generated by a wing is
� xed using the Kutta condition,which states that the velocity at the
wing’s trailing edge is � nite.

Even subject to the Neumann boundary and Kutta conditions,
an in� nite number of source and doublet distributions will satisfy
Laplace’s equation,each of which yields the same external � ow� eld
but different � ctitious � ow� elds within the interior of the HSCT. To
obtain a unique solution, PMARC sets the � ctitious internal ve-
locity potential equal to the onset velocity potential Á1—a condi-
tion which is known as the internal Dirichlet boundary condition.
The doublet distribution ¹ then becomes the perturbationpotential
caused by the HSCT and the source distribution ¾ , which is the
jump in the normal velocity component on the surface of the HSCT
SH , and can thus be determined using the external Neumann and
internalDirichlet boundary conditions.Substituting this source dis-
tribution into Eq. (11) when the point P lies on the inner surface of
the HSCT yields an integral equation to be solved for the unknown
doublet distribution ¹.

To obtain the unknown doublet distribution, the surfaces of the
HSCT and its wake are discretized into a number of quadrilateral
panels, upon each of which (because PMARC is a low-order panel
method) constant source and doublet strengths are assumed. The
PDE-generated HSCT considered herein is easily discretized by
subdividing the .u; v/ coordinate domain.

The internal Dirichlet boundary condition is satis� ed at control
pointsplacedat thecenterof eachof theHSCT’s surfacepanels.This
yields a set of linear simultaneous equations that can be solved for
the unknown HSCT doublet strengths. The wake doublet strengths
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are determined using the Kutta condition, which implies that the
circulation at the wing’s trailing edge must be zero and therefore
that the doublet strengths of the � rst row of wake panels should
cancel the combined doublet strengths of the two rows of panels
that form the trailing edge of the wing. Although PMARC has the
capability to time-step wakes, in the present application computa-
tional expense is reduced by shedding the wake doublet strengths
down each streamwise column on a prescribed wake surface.

Substituting the doublet and source strengths back into the dis-
cretized form of Eq. (11) yields the velocity potential at the control
point of each of the HSCT’s panels. The velocity components are
then given by the gradient of the velocity potential from which the
resultant speeds can be calculated.For steady � ow the pressure co-
ef� cients of each panel can then be calculated using Bernoulli’s
equation.

With the pressure distribution over the surface of the HSCT
known, the resultantforcecontributionsfromeach panelcan be eval-
uated. These force contributionscan be summed up panel by panel
to give the resultant aerodynamicforce on the body.The lift L is the
component of this resultant force perpendicular to the freestream
direction, and the section and total lift coef� cients Cl and CL are
de� ned by

Cl ´ L 0=q1c; CL ´ L=q1 S (12)

where q1 is the freestreamdynamic pressure,c is a referencelength
(usually chosen to be the chord length of the aerofoil section), S is a
reference area (usually chosen to be the plan area of the wing), and
the prime of L 0 denotes the lift force per unit span.

Supersonic Wave Drag

Wave drag, which is caused by the energy radiated away from an
aircraft in the form of pressure or shock waves;13 is estimated using
the classic Harris wave-drag program.14 This program was devel-
oped by Boeing for NASA during the U.S. Supersonic Transport
(SST) Program and is based upon linearized potential � ow theory
and the supersonic area rule.

Under the assumptions of linearized potential � ow theory, the
wave drag of a slender body of revolution in symmetric supersonic
� ow can be estimated by consideringa distributionof sources along
its axis,15 where the strength of this lineal source distribution is
proportional to the rate of change of the cross-sectionalarea of the
body in the freestreamdirection. By integrating the � ux of momen-
tum across a cylindrical surface enclosing the body, von Kármán15

showed that the wave drag Dw of a slender body of revolution, of
length l and cross-sectionalarea S.x/, could be estimated by

Dw

q1
D ¡ 1

¼

1

0

S00.x/ dx
x

0

S00.x1/ .x ¡ x1/ dx1 (13)

where x and x1 are axial locations along the axis of the body, the
term S 00.x/ is the second derivative of the body’s cross-sectional
area with respect to x , and q1 is the freestream dynamic pressure.

The supersonic area rule was presented by both Jones16 and
Whitcomb and Sevier.17 It is based upon Hayes’ method,18 which
states that the momentum � ux along a line that is parallel to and
at an in� nite distance from the axis of some arbitrary source distri-
bution, is identical to that which would result if each source were
moved along the Mach plane, within which it lies, to the axis of the
source distribution. If this source distribution represents the � ow-
� eld around an aircraft with a slender fuselage and thin nonlifting
wings (lift-dependentwave drag is relativelysmall and is usuallyne-
glected in aircraft design19), it can be shown that the strength of the
equivalent lineal source distribution is proportional to the gradient
of the normal projectionsof the aircraft areas interceptedby a series
of parallelMach planes; i.e., the lineal sourcedistributionrepresents
the � ow� eld around a body of revolutionwith cross-sectionalareas
equal to the normal projections of those aircraft areas intercepted
by the series of Mach planes. The wave drag of an equivalent body
of revolution can then be estimated using von Kármán’s slender
body formula [Eq. (13)]. However, because the line at in� nity can

be placed at any azimuthal or roll angle µ around the axis of the
aircraft (with each roll angle yielding a different equivalentbody of
revolution), the wave drag Dw of the entire con� guration is taken to
be the integratedaverageof theequivalentbodywave dragsobtained
through a complete rotation of the roll angle µ :

Dw

q1
D 1

2¼

2¼

0

Dw.µ/

q
dµ (14)

The problemof minimizing supersonicwave drag thus reduces to
seekingan aircraft for which each equivalentbody of revolutionhas
minimum wave drag. One such body of revolution that is pointed at
both ends and has minimum wave drag for given length and volume
is the Sears–Haack body.20;21 This body has a symmetrical bell-
shaped cross-sectionalarea distributionand provides a useful guide
for assessing possible reductions in wave drag.

Optimization and Constraints
Quasi-Newton Optimization

The method of numerical minimization used in this paper is a
quasi-Newton method, which is known as the Broyden–Fletcher–
Goldfarb–Shanno (BFGS) method.22 Such methods use gradient
information to search in descent directions for the minimum of an
objective function. The direction of each such line search is deter-
mined by minimizing the second-order Taylor series expansion of
the objective function. This involves evaluating or approximating
both the gradient vector and the inverse Hessian matrix of the ob-
jective function.Quasi-Newton methods build up an approximation
to the inverse Hessian matrix, the various different methods corre-
spond to differentways of approximatingthismatrix.For simplicity,
the gradient vector is approximated using � nite differences. How-
ever, a more ef� cient way to calculate the gradient vector would be
to use the AutomaticDifferentiationIn Fortran(ADIFOR)system,23

which automatically differentiatesFortran programs.
The BFGS quasi-Newton method is a local method of optimiza-

tion; therefore, the search for a global minimum using this method
involves an heuristic approach in which various alternativedesigns
must be used to initiate the optimization process. If the optimizer
converges repeatedly to either a single optimal design or a small
number of optimal designs, a success in the attainmentof the global
optimumcan beassuredwith reasonablecon� dence.However, if the
optimizer persists in converging to different � nal designs, there is
little guaranteeof attaining the globalminimumwithout performing
an almost exhaustive search.

Constraint Satisfaction

There are two types of constraints in the present design problem:
parameterboundconstraintsand nonlinearequalityconstraints.The
� rst of these,parameterboundconstraints,constraina parameterbe-
tweenminimumand maximumvalues.Such constraintsare satis� ed
using the active set method,24 which involves monitoring each line
search to check for constraint violations. If a constraint is violated,
the line search is backtracked such that this constraint becomes ac-
tive (i.e., satis� ed as an equality). The parameter corresponding to
thisactiveconstraintis thenset equal to theboundvalueand removed
from the optimization process. Once the optimizer has converged,
the validity of any active constraints must be veri� ed. If any are
inactive (i.e., if a feasible perturbation from the constraint yields
a reduction in the objective function), the correspondingparameter
must be returnedand the optimizer restarted.This processcontinues
until all active constraints are valid.

The nonlinear equality constraints (i.e., the fuselage volume and
the wing plan area and volume constraints) are satis� ed by the elim-
ination of design variables. This involves solving for the value of
the eliminated parameters that satisfy these constraints exactly.

Results
In this section, a total of four HSCT design problems are con-

sidered. The multipoint objective function f .X/ is de� ned as a
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Table 2a Final parameter values and coef� cients of lift
and wave drag of the multipoint HSCT design problems

Design
variable .p1 D 1:0I p2 D 0:0/ .p1 D 0:2I p2 D 0:8/

r1 2.683 2.463
r2 2.625 2.457
s fr1

0.992 1.131
s fr2

¡1.099 ¡1.045
s f12 0.970 1.009
s f22 0.954 1.002
a f2 3.504 2.563
c1 43.378 49.870
sw12 1.286 0.970
aw1 0.886 0.999
xw2 62.644 73.656
yw2 5.016 7.878
c2 26.963 16.828
swx20 4.932 5.032
swx21 6.305 3.894
sw23 2.902 0.868
xw3 66.080 81.564
c3 2.500 4.000
swx30 0.997 0.985
aw2 0.886 0.999
aw3 0.758 1.005
CL 8.555e¡2 5.721e¡2
CDw

(1.588e¡2) 8.802e¡3

Table 2b Final parameter values and coef� cients of lift
and wave drag of the multipoint HSCT design problems

Design
variable . p1 D 0:1I p2 D 0:9/ .p1 D 0:0I p2 D 1:0/

r1 2.485 2.357
r2 2.345 2.188
s fr1

1.969 2.233
s fr2

¡1.462 ¡1.533
s f12 1.078 1.134
s f22 1.007 0.976
a f2 2.726 1.895
xw1 49.756 47.702
c1 40.825 40.520
sw12 0.589 0.558
xw2 69.217 86.802
yw2 12.606 12.906
c2 10.588 10.151
swx20 5.036 4.960
swx21 3.692 3.935
sw23 0.062 0.500
xw3 73.587 79.049
c3 3.239 3.245
swx30 1.059 1.071
aw2 0.982 0.976
aw3 1.028 1.054
CL 5.557e¡2 (3.680e¡2)
CDw 6.398e¡3 4.652e¡3

composite function of the coef� cient of subsonic lift CL and the
coef� cient of supersonic wave drag CDw

, as follows:

f .X/ D ¡p1 CL CL0 C p2 CDw
CDw0

(15)

where X is the vector of HSCT design variables that are allowed to
vary in the optimization process and CL0 and CDw0

are the coef� -
cients of subsonic lift and supersonic wave drag of the baseline
HSCT. The weighting coef� cients p1 and p2 are varied in order to
alter the balancebetween the subsonicand supersonicdesignpoints.

A total of 21 design variables (as given in the far left column of
Tables 2a and 2b) are permitted to vary in the optimizationprocess.
Of theseparameters the smoothingparameterof the middle fuselage
componenta f2 is used to satisfy the fuselagevolume constraint,and
the chord length c2 and spanwise position yw2 of the crank aerofoil

areused to satisfythewingplanareaandvolumeconstraints.In addi-
tion, to maintain a reasonablefuselage-wingfairing, the parameters
xw0 and c0 vary such that xw0 D xw1 ¡ 1:5 and c0 D c1 C 7:0.

The design problems considered correspond to the following
combinations of p1 and p2: .1:0; 0:0/, .0:2; 0:8/, .0:1; 0:9/, and
.0:0; 1:0/. Note that the � rst and last of these are in fact the sub-
sonic lift and supersonic wave-drag single point design problems.
Because the employed method of optimization optimizes only lo-
cally, various initial designswere used to initiate all of these design

Fig. 3a Final HSCT con� guration of the ( p1 = 1.0; p2 = 0.0) design
problem.

Fig. 3b Final HSCT con� guration of the ( p1 = 0.2; p2 = 0.8) design
problem.

Fig. 3c Final HSCT con� guration of the ( p1 = 0.1; p2 = 0.9) design
problem.

Fig. 3d Final HSCT con� guration of the ( p1 = 0.0; p2 = 1.0) design
problem.
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a) ( p1 = 1.0; p2 = 0.0) design problem

b) ( p1 = 0.2; p2 = 0.8) design problem

c) ( p1 = 0.1; p2 = 0.9) design problem

d) ( p1 = 0.0; p2 = 1.0) design problem

Fig. 4 Spanwise variations of the section coef� cients of lift of the baseline and HSCT designs.
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a) ( p1 = 1.0; p2 = 0.0) design problem

b) ( p1 = 0.2; p2 = 0.8) design problem

c) ( p1 = 0.1; p2 = 0.9) design problem

d) ( p1 = 0.0; p2 = 1.0) design problem

Fig. 5 Average area distributions of the equivalent bodies of revolution of the baseline and HSCT designs.
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problems, and the most optimal designs obtained were selected for
presentation. Tables 2a and 2b give the � nal parameter values and
the � nal coef� cients of lift and wave drag of the best � nal HSCT
designs obtained for each of the four design problems.

These tables show that, as the values of the weighting parameters
p1 and p2 vary from the subsonic end of the design spectrum to the
supersonic end, both the � nal values of lift and wave drag decrease.
The percentage improvements, with respect to the initial HSCT, in
all of the designproblemsconsideredwere substantial.For example,
in the subsoniccase a 42.58%increasein the lift was achieved (with
a 49.53% increase in wave drag), whereas in the supersonic case
(Mach 2) a 56.18% reduction in wave drag was achieved (with a
38.89% reduction in lift).

Figures 3a–3d illustratethe � nal HSCT con� gurationsof the four
design problems. The principal design variations as the in� uence
of the supersonic design criterion increases are an increase in the
wing sweep, a decrease in the chord length c2 of the wing crank,
an increase in the spanwise position yw2 of the wing crank, and a
decrease in the waisting of the fuselage. The HSCT con� gurations
of Figs. 3b and 3c, which correspond to the two multipoint design
problems, bear the most resemblanceto existing supersonicaircraft,
and this indicates that a considerationof multiple design points will
yield more plausible aircraft designs.

Figures 4a–4d illustrate the spanwise variationsof the section co-
ef� cientsof lift of the four � nal HSCT designsand, also, of the base-
lineHSCT. These � guresshowclearly that the sectioncoef� cientsof
lift are reduced as the in� uence of the supersonicdesign criterion is
increased. Figures 5a–5d illustrate the average cross-sectionalarea
distributionsof the equivalentbodiesof revolution(evaluatedas part
of the supersonicwavedraganalysis)of eachof theseHSCT designs.
These � gures show that, as the in� uence of the supersonic design
criterion increases, the average cross-sectionalarea distributionsof
the equivalentbodiesof revolutionbecomesmootherand more sym-
metrical. Because a technique for wave-drag reduction, sometimes
referred to as coke-bottling, results in a waisted fuselage, it is sur-
prising that the waisting of the fuselages in Figs. 5a–5d reduces
as the in� uence of the supersonic criterion is increased. However,
the average cross-sectional area distribution of the supersonic sin-
gle point design problem is very similar to the desired bell-shaped
distribution of the already mentioned Sears–Haack body.

A problem encountered in optimizing the supersonic wave drag
obtained from the Harris program was a rather haphazard conver-
gence. (A similar problemwas also reportedby Hutchisonet al.25 in
the optimizationof a HSCT using wave-dragdata obtained from the
Harris program.) It appears, in this work, that this problemarose be-
cause of the presenceof many minima in the wave drag,which have
very narrow and steep-sided basins of attraction. Although small
step lengths were imposed upon the line searches in the optimiza-
tion process, the optimizer was able to jump from one minimum
to another. Previous work26 in this area has considered the use of
simulated annealing—a global method of optimization. However,
this method performs well when a global minimum is surrounded
by much poorer minima and is therefore not suited to this problem
where the abundance of similar minima inhibit the location of the
global minimum.

Conclusions
An application of the PDE method to the generation and subse-

quent multipoint design of an HSCT has been illustrated.Allowing
only 21 design parameters to vary, substantial reductions in the
multipoint design criteria of the HSCT were obtained. The wide di-
versity of the aircraft geometries exhibited by the baseline and � nal
HSCT designs illustrate not only the effect of varying the in� uence
of different design points in the optimization process but also the
capability of the PDE method to succinctly parameterize complex
geometries while still maintaining suf� cient � exibility in the range
of possible shapes.
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